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Abstract
In their paper from 1981, Milner and Sauer conjectured that for any poset 〈P,≤〉, if cf(P,≤) = λ > cf(λ) = κ , then P must
contain an antichain of cardinality κ . The conjecture is consistent and known to follow from GCH-type assumptions.
We prove that the conjecture has large cardinals consistency strength in the sense that its negation implies, for example, the
existence of a measurable cardinal in an inner model. We also prove that the conjecture follows from Martin’s Maximum and holds
for all singular λ above the first strongly compact cardinal.
c© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
For a poset 〈P,≤〉, A ⊆ P is an antichain iff x ≤ y and y ≤ x for all {x, y} ∈ [A]2. Let the cofinality of 〈P,≤〉 be
cf(P,≤) := min{|D| | D ⊆ P,∀x ∈ P∃y ∈ D(x ≤ y)}. In their paper [10], after learning about Pouzet’s celebrated
theorem [12], Milner and Sauer conjectured: If cf(P,≤) = λ > cf(λ) = κ , then P must contain an antichain of size
κ . The conjecture is known to follow from λ<κ = λ; see [11] or [5].
We prove: If λ > cf(λ) = κ and cf([λ]<κ,⊆) = λ, then any poset of cofinality λ contains λκ antichains of size
κ . We then show that cf([λ]<κ,⊆) > λ implies the consistency of large cardinal axioms, and that it follows from
Martin’s Maximum and holds above a strongly compact cardinal.
The proof goes through showing that for a singular cardinal λ, the existence of a counter-example of cofinality λ
induces a certain topological space of density number λ and small hereditary compactness degree. We then show that
this kind of space cannot exist assuming cf([λ]<cf(λ),⊆) = λ.
1.1. Notation
Let λ > κ be cardinals. We define P<κ(λ) := [λ]<κ = {X ⊆ λ | |X | < κ}. For a model W |= ZFC, we write
PW<κ(λ) := {X ∈ W | X ⊆ λ, |X | < κ} for P<κ(λ) computed in W . We denote the class of infinite cardinal numbers
by ICN, and an open interval of cardinals by (κ, λ) := {µ ∈ ICN | κ < µ < λ}. If not stated otherwise, V denotes
the universe of set theory.
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1.2. Organization of this paper
Fix λ > cf(λ) = κ .
In Section 2, we prove 1 ⇔ 2 ⇒ 3, and then 1 ⇒ 4:
1. cf([λ]<κ,⊆) = λ.
2. For any B ⊆ P(λ), |B| ≤ λ, there exists W , an inner model of ZFC with the same cardinals structure up to λ, such
that W |= λ<κ = λ, PW<κ(λ) is cofinal in PV<κ(λ), and B ∈ W .
3. For any topological space 〈X, O〉, if d(X) = w(X) = λ, then hC(X) > κ .1
4. For any poset 〈P,≤〉, if cf(P,≤) = λ, then P contains λκ antichains of size κ .
We also prove that if 〈X, O〉 is a topological space and d(X) is a singular cardinal, then |O| > d(X).
In Section 3.1, we analyze the hypothesis cf([λ]<κ,⊆) = λ and introduce a sufficient condition that deals only
with singular cardinals below λ of countable cofinality.
In Section 3.2, we prove that if there exists cardinals θ ′ ≤ θ < λ such that θ ′ is fully compact and θ<θ = θ , then
cf([λ]<κ,⊆) = λ (for instance, if there exists θ ′ = θ < λ which is strongly compact).
Section 3.3 is dedicated to the main result of this paper (Theorem 3.13). We prove that the hypothesis
cf([λ]<κ,⊆) = λ has large cardinals consistency strength, and that it also follows from Martin’s Maximum.
In Section 4, we present a dichotomy theorem for the possibility of finding an updirected counter-example to the
Milner–Sauer conjecture.
2. cf([λ]<cf(λ),⊆) = λ implies the conjecture for singular λ
Theorem 2.1 (Gitik). Let λ > κ = cf(κ) be cardinals. Suppose there is a stationary subset S ofP<κ(λ) of cardinality
λ. Then for any B ⊆ P(λ), |B| ≤ λ and A ⊆ λ that codes S, B and the cardinals structure up to λ, L[A] |= λ<κ = λ.
Proof. We may assume κ > ℵ0. Since λ<κ = 2<κ · cf([λ]<κ,⊆) and cf([λ]<κ,⊆) = |S| = λ, by S ∈ L[A], we have
L[A] |= λ<κ > λ if and only if L[A] |= 2<κ > λ. Work now in L[A] and assume towards a contradiction there is
F = {xi ∈ [κ]<κ | i < λ+}, where i = j ⇒ xi = x j . Put Σ := {σ : Y → κ | Y ∈ S, σ ′′Y = otp(Y ) and σ is an
∈-isomorphism }. Notice that for each Y ∈ S, there exists exactly one σ ∈ Σ such that dom(σ ) = Y .
Claim 2.2. There exists a map ψ : F → κ × Σ such that for xi ∈ F and ψ(xi ) = (αi , σi ), xi ∈ Lαi [σ ′′i (A ∩ Yi )],
where Yi := dom(σi ).
Proof. Let θ ≥ λ+ be a large enough regular cardinal such that S, A, F ∈ Lθ [A]. Fix i < λ+. Since C := {X ≺
Lθ [A] | xi , A, λ ∈ X , sup(xi ) + 1 ⊆ X and |X | < κ} is a club in P<κ(Lθ [A]), the set C ′ := {X ∩ λ | X ∈ C}
contains a club in P<κ(λ). Since S is stationary in P<κ(λ), we may pick Xi ∈ C such that Yi := Xi ∩ λ ∈ S. Let X˜i
be the transitive collapse of Xi , and πi : Xi → X˜i be the Mostowski ∈-isomorphism. Since Xi |= “V = L[A]” and
X˜i is isomorphic to Xi , we have X˜i |= “V = L[πi (A)]”. Since X˜i is transitive and |X˜i | < κ , there exists αi < κ ,
such that X˜i = Lαi [πi (A)]. Put σi := πi  Yi .
Since πi is an ∈-isomorphism and dom(πi ) = Xi , we have πi (A) = π ′′i (A ∩ Xi ). Since πi is an ∈-isomorphism
and sup(xi) + 1 ⊆ X , we have πi (xi ) = xi . It follows from Yi = Xi ∩ λ, A ⊆ λ that πi (A) = σ ′′i (A ∩ Yi ),
X˜i = Lαi [σ ′′i (A ∩ Yi )] and xi ∈ Lαi [σ ′′i (A ∩ Yi )]. 
To see how the claim completes the proof, notice that by |κ × Σ | = λ and |F | = λ+, there must exist F ′ ∈ [F]λ+
with |ψ[F ′]| = 1. It follows that there exists A∗ ∈ [κ]<κ and α < κ such that F ′ ⊆ Lαi [A∗], in contradiction with
|Lαi [A∗]| < κ < |F ′|. 
Corollary 2.3. For cardinals λ > cf(λ) = κ and a set B ⊆ P(λ), |B| ≤ λ, the following are equivalent:
1. V |= cf([λ]<κ,⊆) = λ.
2. There exists a transitive inner model W ⊆ V with B ∈ W such that all V ’s cofinalities and cardinals ≤ λ are the
same in W, W |= ZFC +λ<κ = λ and PW<κ(λ) is cofinal in PV<κ(λ).
1 d(X), w(X) and hC(X) denote, respectively, the density, weight and the hereditary compactness degree of a topological space 〈X, O〉.
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Proof. 1 ⇒ 2 Shelah proves in [17] that cf([λ]<κ,⊆) = min{|S| | S is a stationary subset of P<κ(λ)}. It follows that
we may pick a stationary subset S ⊆ P<κ(λ) of cardinality λ. Fix A ⊆ λ that codes S, B and the cardinals structure
up to λ and put W := L[A].
By the preceding theorem, W |= λ<κ = λ and by S ∈ W , we also have that PW<κ(λ) is cofinal in PV<κ(λ).
2 ⇒ 1 V |= cf([λ]<κ,⊆) = λ is witnessed by PW<κ(λ). 
Definition 2.4. Assume 〈X, O〉 is a topological space.
Recall the following cardinal functions:
• o(X) := |O| + ℵ0.
• d(X) := min{|D| | D ⊆ X, D is dense in X} + ℵ0.
• w(X) := min{|B| | B is a base for X} + ℵ0.
• hC(X) := min{µ ∈ ICN | for all Y ⊆ X , every open cover of Y has a subcover of cardinality < µ}.
Lemma 2.5 (Folklore). Any topological space 〈X, O〉 satisfies o(X) ≤ w(X)<hC(X).
Proof. Fix a basis B ∈ [O]w(X); then for all U ∈ O, there exists U ∈ [B]<hC(X) such that U =⋃U . 
Lemma 2.6. Assume 〈X, O〉 is a topological space.
If d(X) is a singular cardinal, then o(X) > d(X).
Proof. Put λ := d(X) and κ := cf(λ). We prove that {A | A ∈ [X]κ} is a family of more than λ closed sets. Given an
arbitrary family {Ai | i < λ} ⊆ [X]κ , we find A ∈ [X]κ such that A = Ai for all i < λ.
Let 〈λα | α < κ〉 be an increasing sequence of cardinals converging to λ, λ0 > κ . Since for all α < κ ,
|⋃i<λα Ai | ≤ λα < d(X), we may define xα by induction on α < κ such that xα ∈ X \
⋃
i<λα Ai ∪ {xβ | β < α} for
all α < κ . Let A := {xα | α < κ}. Clearly, A ∈ [X]κ . Fix i < λ. To see that A = Ai , pick α < κ such that λα > i .
By its definition, xα ∈ A \⋃i<λα Ai , and in particular, A \ Ai = ∅. 
Lemma 2.7. For cardinals λ > κ .
If there exists a topological space 〈X, O〉 such that:
(a) hC(X) ≤ κ ,
(b) d(X) = λ,
(c) w(X) = λ,
then there exists a space 〈X∗, O∗〉 with the same characteristics which satisfies also:
(d) |X∗| = λ.
Proof. Consider the induced subspace for any dense subset X∗ ∈ [X]d(X). 
With the notation of the last lemma, notice that if λ = cf(λ), then (a)+(b) already suffices to obtain a space of
(a)+(b)+(c).
Theorem 2.8. If there exists a topological space 〈X, O〉, satisfying:
(a) d(X) = w(X) = λ > cf(λ) = κ ,
(b) hC(X) ≤ κ .
Then cf([λ]<κ,⊆) > λ.
Proof. By the preceding lemma, we may assume X = λ and O ⊆ P(λ). Assume towards a contradiction
cf([λ]<κ,⊆) = λ. Fix a basis B = {Xα | α < λ} ∈ [O]λ and let W ⊆ V be the inner model for B given by
Corollary 2.3.
We shall now analyze W . Let 〈X∗, O∗〉 denote the topological space generated by B in W . Notice that if D is a
dense subset in X∗ then ∀U ∈ B(D ∩ U = ∅) and hence D is also a dense subset in X . Similarly, if B′ is a base
for X∗ then for all U ∈ B, there exists V ∈ B′ such that V ⊆ U and hence B′ is also a base for X . It follows that
W |= w(X∗) = d(X∗) = λ > cf(λ) = κ .
We also claim that hC(X∗) ≤ κ . To see this, pick (in W ) Y ⊆ X∗ and an open cover U ⊆ O∗. Put
V := {Xα ∈ B | ∃U ∈ U(Xα ⊆ U)}. Since Y ⊆ X ,V ⊆ P(O), Y ⊆ ⋃V and hC(X) ≤ κ , there exists I ∈ PV<κ(λ)
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such that {Xα | α ∈ I } ⊆ V and Y ⊆ ⋃α∈I Xα . Since PW<κ(λ) is cofinal in PV<κ(λ), we may find J ∈ PW<κ(λ) such
that I ⊆ J . For each j ∈ J , if there exists U ∈ U such that X j ⊆ U , pick such a one and call it U j ; if there is no such
U , let U j ∈ U be arbitrary. We have that {U j | j ∈ J } ⊆ U is a subcover for Y of cardinality < κ .
By Lemma 2.5, o(X∗) ≤ w(X∗)<hC(X∗) ≤ λ<κ , and by Lemma 2.6, o(X∗) > λ. It follows that W |= λ<κ > λ,
contradicting the hypothesis on W . 
It is worth mentioning that condition (c) from Lemma 2.7 is indeed necessary whenever λ > cf(λ): By [7], G. Sa´gi
had recently constructed from (	) ∀µ < ℵω1(µℵ0 < ℵω1) a T1 topological space 〈X, O〉 such that hC(X) = ℵ0 and
d(X) = ℵω1 . It follows from (	) and the preceding theorem that this space must satisfy w(X) > ℵω1 .
Lemma 2.9. Assume 〈P,≤〉 is a poset, cf(P,≤) = λ ≥ ℵ0. Then there exists a topological space 〈X, O〉 such that:
(a) 〈X, O〉 is a T0 topological space,
(b) |X | = d(X) = w(X) = λ.
If there exists a cardinal µ < λ such that all antichains in P are of size < µ, then:
(c) hC(X) ≤ µ.
Proof. Pick a cofinal subset P∗ = {xα ∈ P | α < λ} and set P ′ := {xα | ∀β < α(xβ ≥ xα)}. Notice that 〈P ′,≤〉
is a well-founded subposet of cofinality λ. Let X := P ′ and 〈X, O〉 be the topological space generated by the base
B := {Ux | x ∈ P ′}, where Ux := x↑ = {y ∈ P ′ | y ≥ x}.
(b) If D ⊆ X is a dense subset, then for all Ux ∈ B, there exists y ∈ D such that y ∈ Ux , that is,
∀x ∈ P ′∃y ∈ D(x ≤ y). It follows that d(X) = cf(P ′,≤) = λ.
Clearly, w(X) ≤ |B| = λ. To see that w(X) ≥ λ, assume B′ is another basis for 〈X, O〉; then, in particular, for
any U ∈ B, there exists V ∈ B′ such that U ⊇ V , and it follows that B′ is a cofinal subset in the poset 〈B,⊇〉. Since
〈B,⊇〉 is order-isomorphic to 〈P ′,≤〉 and cf(P ′,≤) = λ, we conclude |B′| ≥ λ.
(c) Pick Y ⊆ X and an open cover V ⊆ O such that Y ⊆ ⋃V . Let A := {y ∈ Y | ∀x ∈ Y \ {y}(x ≤ y)}. Notice
that Y ⊆ ⋃{y↑ | y ∈ A}. Since A is an antichain, there exists σ < µ and an enumeration A = {yi | i < σ }. Since
Y ⊆ ⋃V , we may pick 〈Ui ∈ V | i < σ 〉 such that for all i < σ , yi ∈ Ui . Since Ui is open for all i < σ , y↑i ⊆ Ui ,
and hence Y ⊆⋃i<σ Ui . 
In particular, if there exists a poset of cofinality ℵω1 with no uncountable antichain, then there exists a T0 hereditary
Lindelo¨f topological space 〈X, O〉 such that d(X) = w(X) = ℵω1 .
The question, due to Juha´sz, of the existence of a T3 hereditary Lindelo¨f space of density ℵω1 is still open.
Theorem 2.10. Assume 〈P,≤〉 is a poset, cf(P,≤) = λ > cf(λ) = κ .
If cf([λ]<κ,⊆) = λ, then P contains λκ antichains of size κ .
Proof. If λ<κ = λ, the conclusion is known (see [11,5,13]).
Assume λ<κ > λ. By Lemma 2.9, if P does not contain an antichain of size κ , then there exists a topological
space 〈X, O〉 such that d(X) = w(X) = λ and hC(X) ≤ κ . However, by Theorem 2.8, the existence of such a
space contradicts cf([λ]<κ,⊆) = λ. It follows that we may pick an antichain A ∈ [P]κ . Clearly, [A]κ is a family of
antichains, each of size κ . To complete the proof, we claim |[A]κ | = λκ . Indeed, by λ < λ<κ = 2<κ · cf([λ]<κ,⊆)
and cf([λ]<κ,⊆) = λ, we have 2<κ > λ. By 2<κ > λ, we have 2κ ≥ λκ , and trivially 2κ ≤ λκ ; it then follows that
|[A]κ | = κκ = 2κ = λκ . 
3. On the hypothesis cf([λ]<cf(λ),⊆) = λ
3.1. Reduction to countable cofinality
We now work towards finding a reasonable sufficient condition for cf([λ]<cf(λ),⊆) = λ to hold for a singular
cardinal λ. The condition is formulated in terms of covering numbers:
Definition 3.1 (Shelah). Assume λ ≥ κ ≥ σ > 1, θ ≥ κ + ℵ0 are cardinals. Let
cov(λ, θ, κ, σ ) := min
{
|D| | D ⊆ Pθ (λ),∀A ∈ Pκ(λ)∃B ∈ [D]<σ
(
A ⊆
⋃
B
)}
.
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Definition 3.2. We say that a cardinal θ is a buffer cardinal iff cf([θ ]τ ,⊆) ≤ θ+ for all τ < θ . (e.g. θ = ℵ0 or
θ<θ ≤ θ+).
The next theorem is already known to Shelah, but we could not find a reference where it is explicitly stated and
proved. As a service for the community, we include a self-contained proof from [13].
Theorem 3.3. Assume λ is a singular cardinal.
If there exists a buffer cardinal θ < λ such that cov(µ,µ,ℵ1, 2) = µ+ for all singular µ ∈ (θ, λ) of cofinality ℵ0,
then cf([λ]<cf(λ),⊆) = λ.
Proof. We break the proof into two lemmas and several subclaims.
Lemma 3.4. Assume θ is a buffer cardinal and λ > θ is a singular cardinal. If cf([λ]<cf(λ),⊆) > λ, then there exists
a cardinal µ such that:
(a) µ = min{ν ∈ (θ, λ) | ∃σ < ν such that cf([ν]σ ,⊆) > ν+}.
(b) µ = min{ν ∈ (θ, λ) | ν > cf(ν), cf([ν]cf(ν),⊆) > ν+}.
(c) µ = min{ν ∈ (θ, λ) | ν > cf(ν), cov(ν, ν, cf(ν)+, 2) > ν+}.
In particular, any of the classes above is non-empty.
Proof. By [λ]<κ = ⋃ν∈(θ,λ)[ν]<κ and cf([λ]<κ,⊆) > λ, there must exist ν ∈ (θ, λ) such that cf([ν]<κ,⊆) > λ. In
particular, cf([ν]<κ,⊆) > ν+. By cf([ν]<κ,⊆) ≤ ∑σ<κ cf([ν]σ ,⊆) and regularity of ν++, there exists a cardinal
σ < κ such that cf([ν]σ ,⊆) > ν+. Clearly, σ < ν.
(a) It follows that {ν ∈ (θ, λ) | ∃σ < ν such that cf([ν]σ ,⊆) > ν+} is non-empty, so let µ denote its minimal
element and set σ := min{τ < µ | cf([µ]τ ,⊆) > µ+}.
Claim 3.5. µ is a limit cardinal.
Proof. For a cardinal χ > σ , cf([χ+]σ ,⊆) = ∑χ<α<χ+ cf([α]σ ,⊆) = cf([χ]σ ,⊆) · χ+. So if there exists a
cardinal χ such that µ = χ+, then cf([µ]σ ,⊆) = cf([χ]σ ,⊆) · µ, and it follows that cf([µ]σ ,⊆) > µ+ iff
cf([χ]σ ,⊆) > µ+ = χ++.
If µ = θ+, then we must conclude cf([θ ]σ ,⊆) > θ++, contradicting the hypothesis on θ . If µ = χ+ for some
χ > θ , then we must conclude cf([χ]σ ,⊆) > χ++, contradicting the minimality of µ in (θ, λ). 
Notice that the preceding claim is the only part in our proof where we apply the hypothesis on θ . The claim is
trivial for θ = ℵ0, but necessary otherwise.2
Claim 3.6. µ is a singular cardinal and σ = cf(µ).
Proof. Let 〈µi | i < cf(µ)〉 be an increasing sequence of cardinals cofinal in µ, µ0 > max{σ, θ}. We first
show that σ ≥ cf(µ) and conclude from σ < µ that µ > cf(µ). Indeed, if σ < cf(µ), then cf([µ]σ ,⊆) =∑
i<cf(µ) cf([µi ]σ ,⊆). By minimality of µ, cf([µi ]σ ,⊆) ≤ µ+i < µ for all i < cf(µ), which implies cf([µ]σ ,⊆) = µ.
To prove σ ≤ cf(µ), assume towards a contradiction σ > cf(µ). By minimality of σ , we may pick a cofinal
subset C ⊆ [µ]cf(µ), |C| = µ+. By minimality of µ, for all i < cf(µ), there exists a cofinal subset Ci ⊆ [µi ]σ ,
|Ci | ≤ µ+i < µ and an enumeration Ci = {Xαi | α < µ}. Put D := {
⋃{Xαi | α ∈ X, i < cf(µ)} | X ∈ C}.
By |C| = µ+, we have |D| ≤ µ+. Since |X | = cf(µ) < σ for all X ∈ C and Xαi ∈ [µ]σ for all α < µ, i < cf(µ),
we also have D ⊆ [µ]σ . We shall now show that D is actually cofinal in [µ]σ , yielding a contradiction.
Fix A ∈ [µ]σ . For any i < cf(µ), since Ci is cofinal in [µi ]σ and A ∩ µi ∈ [µi ]≤σ , we may find αi < µ such
that A ∩ µi ⊆ Xαii . Since {αi | i < cf(µ)} ∈ [µ]≤cf(µ), we may find X ∈ C such that {αi | i < cf(µ)} ⊆ X . It then
follows that
A =
⋃
{A ∩ µi | i < cf(µ)} ⊆
⋃
{Xαi | α ∈ X, i < cf(µ)} ∈ D. 
(b) now follows from the minimality of µ and σ .
2 See the short discussion after Corollary 3.12.
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Claim 3.7. cov(µ,µ, cf(µ)+, 2) > µ+.
Proof. Assume towards a contradiction that there exists D ⊆ [µ]<µ, |D| = µ+ such that for all A ∈ [µ]≤cf(µ),
there is B ∈ D with A ⊆ B . We may also assume that |B| > max{cf(µ), θ} for all B ∈ D. We next prove
cf([µ]cf(µ),⊆) = µ+, yielding a contradiction to (b).
For all B ∈ D, by |B| < µ and minimality of µ, we may pick a cofinal subset DB ⊆ [B]cf(µ) of cardinality |B|+.
Put C :=⋃B∈D DB .
Clearly, C ⊆ [µ]cf(µ). By |D| = µ+ and |DB | < µ for all B ∈ D, we also have |C| ≤ µ+. We claim that C
witnesses cf([µ]cf(µ),⊆) = µ+. Fix A ∈ [µ]cf(µ). By the defining properties of D, there exists B ∈ D such that
A ⊆ B . By |A| = cf(µ), we actually have A ∈ [B]cf(µ). Finally, by the defining properties of DB , there exists
B∗ ∈ DB such that A ⊆ B∗ ∈ C and we are done. 
(c) We now know that cov(µ,µ, cf(µ)+, 2) > µ+. To see that µ is minimal in that sense in (θ, λ), notice that
if there exists ν ∈ (θ, µ) such that cov(ν, ν, cf(ν)+, 2) > ν+, then in particular, cf([ν]cf(ν),⊆) > ν+, contradicting
(b). 
The next step is proving the following Silver-type lemma:
Lemma 3.8. Assume µ > τ are infinite cardinals, µ > cf(µ) > ℵ0.
If Sˆ := {ν ∈ ICN | ν < µ, cov(ν, ν, τ, 2) ≤ ν+} is stationary in µ, then cov(µ,µ, τ, 2) ≤ µ+.
Proof. If τ ≤ cf(µ) then cov(µ,µ, τ, 2) = ∑
ν∈Sˆ cov(ν, ν, τ, 2) = µ and we are done. Put σ := cf(µ) and assume
τ ≥ σ+.
Since µ is of uncountable cofinality, we may apply [15] to fix an increasing and continuous sequence of
cardinals with supremum µ, 〈µi | i < σ 〉, such that µ0 > σ and tcf(∏i<σ µ+i /J bd) = µ+. In particular, there
exists a family {g j ∈ ∏i<σ µ+i | j < µ+} such that for all f ∈
∏
i<σ µ
+
i , there exists j < µ+ satisfying|{i < σ | f (i) ≥ g j (i)}| < σ .
Fix j < µ+. Since |g j (i)| ≤ µi for all i < σ , we may define a map Φ j such that dom(Φ j ) = σ and for all i < σ ,
Φ j (i) : µi → µ+i is an injection satisfying g j (i) ⊆ Im(Φ j (i)).
Let C ⊆ µ be the club of limit points of {µi | i < σ } and let S be a stationary subset of σ such that
{µi | i ∈ S} ⊆ C ∩ Sˆ is stationary in µ.
Claim 3.9. There exists S∗ ⊆ S, stationary in σ , and a cardinal χ < µ such that cov(µi , χ, τ, 2) ≤ µ+i for all
i ∈ S∗.
Proof. Define a function ϕ : S → σ by ϕ(i) := min{r ≤ i | cov(µi , µr , τ, 2) ≤ µ+i } for all i ∈ S. We shall show ϕ
is regressive.
Fix i ∈ S. Let Ti be a stationary subset of P<τ (µi ) and let Di ⊆ P<µi (µi ) witness cov(µi , µi , τ, 2) ≤ µ+i . Since|i | < τ , {X ∈ P<τ (µi ) | i ⊆ X} is a club in P<τ (µi ) and we may assume i ⊆ X for all X ∈ Ti .
We now define a regressive function Γ : Ti → i as follows: for all X ∈ Ti , put Γ (X) := min{r < i | ∃Y ∈
Di (X ⊆ Y ∧ |Y | < µr )}.
By Jech’s generalized form of Fodor’s lemma, there exists a stationary subset T ′i ⊆ Ti and ri < i such that
Γ [T ′i ] = {ri }. Since T ′i is cofinal in P<τ (µi ), {X ∈ Di | |X | < µri } exemplify cov(µi , µri , τ, 2) ≤ µ+i . So ϕ is
indeed regressive.
Finally, by Fodor’s lemma, there exists a stationary subset S∗ ⊆ S and a cardinal χ < µ such that ϕ[S∗] = {χ},
that is, cov(µi , χ, τ, 2) ≤ µ+i for all i ∈ S∗. 
For all i ∈ S∗, pick Ci = {Xαi ∈ [µi ]<χ | α < µ+i } that exemplifies cov(µi , χ, τ, 2) ≤ µ+i .
Put D := {⋃{XΦ j (i)(α)i | i ∈ S∗, i > r, α < µr } | r < σ, j < µ+}.
Claim 3.10. D witnesses cov(µ,µ, τ, 2) ≤ µ+.
Proof. It should be clear that |D| ≤ µ+. The preceding claim also ensures that D ⊆ P<µ(µ). We are left with
showing that for all A ∈ P<τ (µ), there exists B ∈ D such that A ⊆ B .
116 A. Rinot / Annals of Pure and Applied Logic 140 (2006) 110–119
Fix A ∈ P<τ (µ). For all i ∈ S∗, A ∩µi ∈ P<τ (µi ); hence there exists αi < µ+i such that A ∩µi ⊆ Xαii . It follows
that there exists f ∈∏i∈S∗ µ+i such that A ⊆
⋃
i∈S∗ X
f (i)
i .
By the defining properties of {g j | j < µ+}, we may pick j < µ+ such that S′ := {i ∈ S∗ | f (i) < g j (i)}
is stationary in σ . Define f ′ ∈ ∏i∈S ′ µi by f ′(i) := Φ j (i)−1( f (i)) for all i ∈ S′. Since S′ is unbounded in σ ,
A ⊆⋃i∈S ′ X f (i)i =
⋃
i∈S ′ X
Φ j (i)( f ′(i))
i .
Finally, define a function ψ : S′ → σ by ψ(i) := min{r < σ | f ′(i) < µr } for all i ∈ S′. Since members of S′
are indices to limit points of {µi | i < σ }, ψ is a regressive function. By Fodor’s lemma, we may find a stationary set
T ⊆ S′ and r < σ such that ψ[T ] = {r}; that is, for all i ∈ T : i > r and f ′(i) < µr .
Put B ′ := ⋃i∈T XΦ j (i)( f
′(i))
i and B :=
⋃
i∈S∗,i>r
⋃
α<µr
XΦ j (i)(α)i . Clearly, B ′ ⊆ B and B ∈ D. Since T is
unbounded in σ , we also have that A ⊆ B ′. 

To complete the proof of the main theorem, assume there exists a singular cardinal λ > θ such that cf([λ]<cf(λ),⊆)
> λ. Then, by Lemma 3.4(c), {ν ∈ (θ, λ) | ν > cf(ν), cov(ν, ν, cf(ν)+, 2) > ν+} is non-empty, so let µ denote its
minimal element. Put σ := cf(µ).
Notice that σ = ℵ0, since if σ > ℵ1, then by Lemma 3.8, we may find a singular ν ∈ (θ, µ) such that
cov(ν, ν, σ+, 2) > ν+, and in particular, cf([ν]σ ,⊆) > ν+, contradicting Lemma 3.4(a).
So, the assumption that cf([λ]<cf(λ),⊆) > λ for singular λ > θ implied the existence of a singular cardinal
µ ∈ (θ, λ) such that cf(µ) = ℵ0 and cov(µ,µ,ℵ1, 2) > µ+. 
3.2. cf([λ]<cf(λ),⊆) = λ above compact cardinals
Corollary 3.11. Assume θ is a strongly compact cardinal; then for any singular cardinal λ > θ , cf([λ]<cf(λ),⊆) = λ.
Proof. θ is strongly compact; in particular, it is strongly inaccessible and a buffer cardinal.
By Solovay’s theorem on SCH above a strongly compact cardinal [18] and Ketonen’s work on regular
ultrafilters [8], for any regular cardinal χ > θ , χℵ0 = χ ; in particular, if µ > θ is a singular cardinal of countable
cofinality, then cov(µ,µ,ℵ1, 2) ≤ µℵ0 ≤ (µ+)ℵ0 = µ+. Now apply Theorem 3.3. 
In [14], Shelah defines notion of freeness. Assume H is a set and F ⊆ P(H ) × P(H ) is a notion of freeness; that
is, F satisfies the list of axioms from [14]. For A, B ⊆ H , we say that A is free over B iff (A, B) ∈ F and say that A
is free iff (A,∅) ∈ F . For a cardinal θ , we say that A is θ -free iff for all A′ ∈ [A]<θ , A′ is free.
In [9], Shelah and Magidor defines fully compact cardinals. A cardinal θ is fully compact iff for any notion of
freeness, every θ -free subset is free.
A strongly compact cardinal is indeed fully compact, but it is consistent that fully compact is not even inaccessible.
For instance, in [9], a model where the first fixed point of the ℵ function is fully compact is constructed.
A basic fact is that if θ is a fully compact cardinal, then any singular µ > θ of countable cofinality satisfies3
cov(µ,µ,ℵ1, 2) = µ+. Hence, we can improve Corollary 3.11 to the following:
Corollary 3.12. Assume θ ′ ≤ θ are cardinals such that θ ′ is fully compact and θ is a buffer. Then, for any singular
cardinal λ > θ , cf([λ]<cf(λ),⊆) = λ.
It is worth mentioning that unlike for strongly compact cardinals, it is consistent to have a fully compact cardinal
which is not a buffer.
Recently, Shelah, starting with a ground model of GCH+∃ω super-compact cardinals, had constructed a generic
extension where θ ′ is fully compact, while there exists some µ < θ ′ such that pp(µ) > θ ′.
This result will be published elsewhere.
3 By [15], for singular µ of countable cofinality, cov(µ,µ,ℵ1, 2) > µ+ implies the existence ofA ∈ [P<ℵ1 (µ)]µ
+
such that each A ∈ [A]≤µ
has a transversal, while trivially, A does not admit a transversal. Such an A is µ+-free but not free.
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3.3. Main result
Theorem 3.13. Assume 〈P,≤〉 is a poset, cf(P,≤) = λ > cf(λ) = κ .
If any of the following hold, then P contains λκ antichains of size κ .
(a) λ<κ = λ.
(b) Martin’s Maximum (MM).
(c) There exists θ ′ ≤ θ < λ such that θ ′ is a fully compact cardinal and θ is a buffer cardinal (e.g., if θ ′ is strongly
compact).
(d) There exists no inner model with a measurable cardinal.
(e) 2ℵ0 < ℵω and there exists no inner model with a cardinal δ such that o(δ) ≥ δ++.
(f) Shelah’s Strong Hypothesis (SSH 4).
Proof. (a) Was proved in [11]. Other proofs can be found in [5] and in [13].
(b) By [3], assuming MM, for any regular cardinal χ > ℵ1, χℵ1 = χ , in particular, for any singular cardinal µ < λ,
cov(µ,µ,ℵ1, 2) ≤ µℵ0 = µ+. Now apply Theorems 3.3 and 2.10.
(c) By Corollary 3.12 and Theorem 2.10.
(d) For a singular µ < λ of countable cofinality, to prove cov(µ,µ,ℵ1, 2) = µ+, it suffices to prove cf([µ+]ℵ0,⊆)
= µ+.
By [1,2], there exists a core model K = K D J ⊆ V such that K |= ZFC + GCH and (K , V ) satisfies the covering
lemma, in particular, PK<ℵ2(µ+) is cofinal in PV<ℵ2(µ+) and |PK<ℵ2(µ+)| = µ+. It follows that cf([µ+]ℵ0,⊆) =
cf([µ+]ℵ1,⊆) · cf([ℵ1]ℵ0,⊆) = µ+ · ℵ1 = µ+.
(e) By [4], if there exists no inner model with a cardinal δ such that o(δ) ≥ δ++, then for any for singular cardinal
µ > 2ℵ0 , pp(µ) = µ+. In particular, if 2ℵ0 < ℵω, then the SSH holds. Now apply the next item.
(f) By [16], if there exists a singular cardinal µ (of countable cofinality) such that cov(µ,µ, cf(µ)+, 2) > µ+, then
the least such µ satisfies pp(µ) > µ+. 
4. Must it be updirected?
For a cardinal λ > cf(λ) = ℵ1, assuming PFA or MA+2ℵ0 > λ, it is easy to prove that if there exists a counter-
example (for the conjecture) of cofinality λ, then there must exist one which is updirected.5
In the general case, we have the following dichotomy theorem in ZFC:
Definition 4.1. Assume 〈P,≤〉 is a poset and n ∈ N+ is some positive integer.
〈Pn ,≤n〉 is the product order, defined by:
(x0, . . . , xn−1) ≤n (y0, . . . , yn−1) iff x j ≤ y j for all j < n.
Theorem 4.2. Assume λ is a singular cardinal. Let κ := cf(λ).
One and only one of the following holds:
(a) For any poset 〈P,≤〉 of cofinality λ, there exists n ∈ N+, such that in the product order, 〈Pn ,≤n〉 contains an
antichain of size κ .
(b) There exists an updirected poset 〈J ,⊆〉 of cofinality λ, such that for all n ∈ N+, every antichain in the product
order, 〈J n,⊆n〉, is of size < κ .
Proof. Clearly, (a)⇒(¬b); hence, at most one of the items holds. Assume now 〈P,≤〉 is a poset exemplifying (¬a).
Put λ := cf(P,≤). We may assume |P| = λ. Put κ := cf(λ). By Theorem 2.10, κ > ℵ0.
Let s(P) denote the family of finite non-empty sequences with range P . For Y ∈ s(P), let Y := {x ∈ P | ∃y ∈
Im(Y )(x ≤ y)}. Put J := {Y | Y ∈ s(P)}.
Considering 〈J ,⊆〉 as a poset, it is clear that it is updirected. By cf(P,≤) = λ, for any F ∈ [s(P)]<λ, there exists
some x ∈ P which is not below any of the members of⋃Y∈F Im(Y ); hence, cf(J ,⊆) = λ.
4 SSH was formulated in [17] and states that pp(µ) = µ+ for any singular cardinal µ, where pp(µ) := sup{cf(∏ a/D) | a ∈ [µ]cf(µ) is a
family of regular cardinals cofinal in µ, D is an ultrafilter on a extending the filter of co-bounded sets }.
5 PFA=Proper Forcing Axiom. MA=Martin’s Axiom. The proof is in [13].
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We are left with showing that every antichain in a finite product order is of size < κ . Pick n ∈ N+ and a family
〈Yi, j ∈ s(P) | i < κ, j < n〉. We shall find {i1, i2} ∈ [κ]2 such that
(Yi1,0, . . . , Yi2,n−1) ⊆n (Yi2,0, . . . , Yi2,n−1).
By κ > ℵ0, we may find I ∈ [κ]κ and 〈r j ∈ N+ | j < n〉 such that length(Yi, j ) = r j for all i ∈ I, j < n. Put
r :=∑ j<n r j .
For each i ∈ I , let Yi := Yi,0 . . . Yi,n−1 denote the concatenation of 〈Yi, j | j < n〉. By the choice of P , 〈Pr ,≤r 〉
does not contain an antichain of size κ ; hence, there must exist some {i1, i2} ∈ [I ]2 such that Yi1 ≤r Yi2 . In particular,
Yi1, j ≤r j Yi2, j for all j < n and it follows that Yi1, j ⊆ Yi2, j for all j < n and we are done. 
Corollary 4.3. Assume λ is a singular cardinal and cf(λ) is weakly compact. If there exists a counter-example of
cofinality λ, then there exists one which is updirected.
In [13], using a much finer argument together with an idea from [6], we were able to improve item (b) of
Theorem 4.2 to:
(b*) There exists a cardinal θ < λ and a family J ⊆ P(θ) which is closed under finite unions and intersections,
cf(J ,⊆) = λ, and for all n ∈ N+, every antichain in the product order, 〈J n,⊆n〉, is of size < κ .
It follows that this poset 〈J ,⊆〉 is updirected and downdirected, and hence, for any n ∈ N+, 〈J n,⊆n〉 embeds an
isomorphic copy of 〈J ,⊆〉 which is both cofinal and coinitial in 〈J n,⊆n〉.
5. Discussion
The idea of attacking the consistency strength of the Milner–Sauer conjecture by analyzing L[A] is due to Hajnal
and Sauer [6]. We suspect that Theorems 2.1 and 2.3 would be found fruitful in analyzing consistency strength of
other open problems in, e.g., topology and infinite graph theory.
By Theorem 3.13, we now know that starting with a ground model with no counter-example to the conjecture, a
forcing notion that does not make use of the existence of large cardinals cannot produce a counter-example.
Question 5.1. Is there a converse to Lemma 2.9? That is, assuming there exists a topological space 〈X, O〉 such that
d(X) = w(X) = λ > cf(λ) = κ ≥ hC(X), can we then find a poset of cofinality λ with no antichain of size κ?6
For a poset 〈P,≤〉 and a cardinal µ, put Iµ := {A ⊆ P | cfP (A) < µ}, where cfP(A) := min{|D| | D ⊆ P,∀x ∈
A∃y ∈ D(x ≤ y)}.
Conjecture 5.2. Assume 〈P,≤〉 is a poset, cf(P,≤) = λ > cf(λ) = κ .
If cf(Iκ ,⊆) = λ, then P contains λκ antichains of size κ .7
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